OFFPRINT

A Lagrangian formulation for a gravitational
analogue of the acoustic radiation force
Pierre-Yves Gires, Jerome Duplat, Aurelien Drezet and
Cedric poulain
EPL, 127 (2019) 34002

Please visit the website
www.epljournal.org
Note that the author(s) has the following rights:
– immediately after publication, to use all or part of the article without revision or modiﬁcation, including the EPLAformatted version, for personal compilations and use only;
– no sooner than 12 months from the date of ﬁrst publication, to include the accepted manuscript (all or part), but
not the EPLA-formatted version, on institute repositories or third-party websites provided a link to the online EPL
abstract or EPL homepage is included.
For complete copyright details see: https://authors.epletters.net/documents/copyright.pdf.

A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

AN INVITATION TO
SUBMIT YOUR WORK
epljournal.org

The Editorial Board invites you to submit your Letters to EPL
Choose EPL, and you’ll be published alongside original, innovative Letters in all
areas of physics. The broad scope of the journal means your work will be read by
researchers in a variety of fields; from condensed matter, to statistical physics,
plasma and fusion sciences, astrophysics, and more.
Not only that, but your work will be accessible immediately in over 3,300 institutions
worldwide. And thanks to EPL’s green open access policy you can make it available
to everyone on your institutional repository after just 12 months.

Run by active scientists, for scientists
Your work will be read by a member of our active and international Editorial Board,
led by Bart Van Tiggelen. Plus, any profits made by EPL go back into the societies
that own it, meaning your work will support outreach, education, and innovation in
physics worldwide.
www.epl journal.org

ISSN 0295-5075

www.epl journal.org

ISSN 0295-5075

www.epl journal.org

ISSN 0295-5075

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

Volume 119 Number 1
July 2017

Volume 120 Number 1
September 2017

Volume 121 Number 1
January 2018

epljournal.org

A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

OVER

638,000
full-text downloads in 2017

Average submission to
online publication

Four good reasons to publish with EPL

1

Exceptional peer review – your paper will be handled by one of the
60+ co-editors, who are experts in their fields. They oversee the entire
peer-review process, from selection of the referees to making all final
acceptance decisions.

3

Fast publication – you will receive a quick and efficient service;
the median time from submission to acceptance is 75 days, with an
additional 20 days from acceptance to online publication.

citations in 2016

We greatly appreciate
the efficient, professional
and rapid processing of our
paper by your team.

International reach – more than 3,300 institutions have access to
EPL globally, enabling your work to be read by your peers in more than
90 countries.

2

100 DAYS
21,500

epljournal.org

4

Green and gold open access – your Letter in EPL will be published on
a green open access basis. If you are required to publish using gold
open access, we also offer this service for a one-off author payment.
The Article Processing Charge (APC) is currently €1,400.

Cong Lin
Shanghai University

Details on preparing, submitting and tracking the progress of your manuscript
from submission to acceptance are available on the EPL submission website,
epletters.net.
If you would like further information about our author service or EPL in general,
please visit epljournal.org or e-mail us at info@epljournal.org.
EPL is published in partnership with:

European Physical Society

Società Italiana di Fisica

epljournal.org

EDP Sciences

IOP Publishing

August 2019
EPL, 127 (2019) 34002
doi: 10.1209/0295-5075/127/34002

www.epljournal.org

A Lagrangian formulation for a gravitational analogue
of the acoustic radiation force
Pierre-Yves Gires1 , Jerome Duplat2 , Aurelien Drezet3 and Cedric poulain1,3
1
2
3

Univ. Grenoble Alpes, CEA, LETI - F-38000 Grenoble, France
Univ. Grenoble Alpes, IRIG-DSBT - F-38000 Grenoble, France
Univ. Grenoble Alpes, CNRS, Grenoble INP, Institut Néel - F-38000 Grenoble, France
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43.25.Qp – Radiation pressure
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Abstract – In this letter, we propose an expression for the instantaneous acoustic radiation force
acting on a compressible sphere when it is immersed in a sound field with a wavelength much
larger than the particle size (Rayleigh scattering regime). By following a Lagrangian approach,
we show that the leading term of the radiation force can alternatively be expressed as a fluctuating
gravitation-like force. In other words, the eﬀect of the acoustic pressure gradient is to generate a
local acceleration field encompassing the sphere, which gives rise to an apparent buoyancy force,
making the object move in the incoming field. When averaging over time, we recover the celebrated
Gor’kov expression and emphasize that two terms appear, one local and one convective, which
identify with the well-known monopolar and dipolar contributions.
c EPLA, 2019
Copyright 

Since Rayleigh’s pioneering work on sound waves [1], later
followed by Langevin and Brillouin, among others [2–4],
it is known that like its electromagnetic cousin, acoustic
waves can transfer linear momentum to a particle, even
in a perfect ﬂuid, referred to as the radiation or pressure
force, with its associated tension or radiation stress tensor [4]. One might wonder how an elemental sound wave,
with its harmonic pressure-velocity oscillations (in time
and space), could exert a non-zero average force. Like with
electromagnetic waves, the answer lies in the second-order
eﬀect arising for sound waves when the particle pulsates
in volume while moving back and forth in the acoustic
oscillating ﬂow, yielding a small hysteretic displacement.
These incremental displacements accumulate over millions
of cycles per second (at the sound frequency), and may
be interpreted as the result of an average or macroscopic
force on the particle. The average force was first calculated by King for a hard sphere in a perfect ﬂuid [5],
and generalized by Yosioka [6] for compressible objects. It
generated a complete and active field of research with increasingly heavy mathematics addressing complex objects,
wave fields, and more realistic eﬀects [7,8]. In the meantime, impressive applications of the radiation force to microﬂuidics have been published in the last ten years. This
has given rise to the new discipline of acoustoﬂuidics [9],

in which the ability of standing waves to arrange, trap and
sort particles or living cells has been demonstrated both
in propagative [10] and evanescent fields [11].
However, despite great theoretical and experimental results, very few papers address the question of the shorttime dynamics of a particle in a sound field, when pushed
upon by the radiation force.
As is often the case for non-stationary problems [12],
the use of a Lagrangian approach brings a new viewpoint
on the issue. For instance, in fully developed turbulence,
this renewed viewpoint brought important breakthroughs
in this long-history issue [13,14]. This is the issue motivating the present work on the radiation force. Here, in
order to gain insight into the physics at play, we will focus on the instantaneous dynamics of the particle when
tracked in the oscillating sound ﬂow. By leaning on the
celebrated Gor’kov expression of the radiation force [15],
we will show that the radiation force can also be interpreted as the average of a ﬂuctuating buoyant force associated with an eﬀective gravitational field, shedding new
light on its physical origin.
As our paper is based on the Gor’kov formulation,
we start by analyzing the implicit assumptions and the
applicability of the Gor’kov formulation in the context
of a free-to-move (not suspended) particle. It is to our
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knowledge an issue which has not been discussed in detail
in the literature so far although it is mostly employed in
this context.
Let us consider a compressible particle of varying outer
surface Sp (t) immersed in a inviscid and infinite compressible ﬂuid, in the absence of gravity. The whole system
is excited by a time-harmonic acoustic wave of frequency
f = 1/T characterized by its incident Eulerian velocity,
pressure and density fields, respectively (vin , pin , ̺in ).
The acoustic wavelength λf in the ﬂuid is supposed to be
much larger than the sphere radius a (Rayleigh regime):
a ≪ λf . Let us choose a much larger surface S in the
far-field region. V (t) is the control volume V delimited
externally by S and internally by Sp (t).
In an inviscid ﬂuid, only pressure forces can apply so
that a particle at position r = rp (t) at time t is submitted
to the instantaneous (radiation) force:

F(rp (t)) =
pdS,
(1)
Sp (t)

where p is the total pressure field (incident and scattered),
and the surface element dS is oriented towards the particle. In general, the instantaneous force F(t) is not known,
only its averaged value F̄rad (r), defined as the averaged
radiation force:
F̄rad (r) = F(rp (t)),

(2)

By averaging over time, it is clear that the force F∗
must
exactly compensate the mean radiation force F̄rad =

 Sp pndS to ensure a zero-mean displacement (or acceleration). Thanks to the additional force, the movement
is

d
̺vdV

perfectly periodic in time, so that the term  dt
V (t)
cancels. With this assumption of a suspended particle, we
recover the expression for the radiation force as used by
Gor’kov (first equation of [15]), also in agreement with the
assumption of perfect stationarity in the more detailed paper of Settnes and Bruus (see eqs. A1a to A1f of ref. [16]).
In this framework, and assuming a small acoustic Mach
number ε = vcfin (with cf0 the celerity of sound in the
0
ﬂuid), Gor’kov has used an asymptotic approach to calculate the term Π. Introducing an exponent α in order
to express the particle size to wavelength ratio as a function of the Mach number as done in [17], and recognizing
that the leading term in Π only depends on the particle
monopolar and dipolar contributions, Gor’kov has shown
that for a standing incident field the leading term of F̄rad
is ρc2 a2 O(ε2+α ) and derives from the acoustic potential
U (r) so that

F̄rad ≃ − Π · dS = −∇U (r),
(8)
S


f1
3f2
2
κf 0 p2in  −
̺f 0 vin

(9)
with U (r) = Vp0
2
4
2(˜
̺ − 1)
,
(10)
and f1 = 1 − κ̃, and f2 =
2̺˜ + 1

where . is the time-average operator over the time T .
In the general case, the momentum change rate of the κ̃ = κp0 and ̺˜ = ̺p0 being, respectively, the equilibrium
κf 0
̺f 0
ﬂuid volume V can be written as
compressibility and density ratios of the particle over the



ﬂuid, while Vp0 is the particle rest volume.
d
̺vdV = − Π · dS −
pdS,
(3)
Now, in the more general case of a free particle (i.e.,
dt V (t)
S
Sp (t)
when F∗ = 0) the particle movement is no longer exwhere Π is the total momentum density ﬂux tensor defined actly time-periodic so that a tiny incremental displaceas Πij = pδij + ̺vi vj . Averaging eq. (3) over time gives: ment δ(t) is added at every sound cycle. Consequently,
 
 
the ﬂuid momentum
is no longer periodic and the momen
d
d
̺vdV
 is a priori not exactly zero and
tum
term

dt V (t)
F̄rad = −
̺vdV − Π · dS
(4)
dt V (t)
the total radiation force diﬀers from the Gor’kov expresS

sion. In fact, as we show in the Supplemental Material
P (T ) − P (0)
,
(5) Supplementarymaterial.pdf (SM) (see SM1), the dif= − Π · dS −
T
S
ference between the zero-mean displacement particle and
with
the free-to-move particle yields a correction in terms of

P (t) =
(̺v)(t)dV.
(6) forces which is of higher order. Consequently, estimating
V (t)
the force in a Lagrangian approach over the time symIn order to simplify the problem, let us first assume that metric trajectory corresponding to a suspended particle
the movement of the particle mass center in the sound ﬂow is as good, in terms of order of approximation, as relyis perfectly periodic in space and time so that the particle ing on the Gor’kov formulation. By using an asymptotic
mean displacement is exactly zero. This can be achieved approach detailed below, we are going to derive the exby means of an additional external and time independent pression for an equivalent instantaneous radiation force
Frad (t), so that at the leading order in the Mach number,
force, hereafter denoted F∗ . Hence, we have:
F(t) = Frad (t) + f (t), with f a zero-mean function.

∗
Let us first define the scattered pressure field ps as the
F +
pndS = mp Γ(t),
(7)
correction of the incident field required to account for the
Sp (t)
presence of the particle:
with Γ and mp the particle acceleration and mass,
respectively.
p = pin + ps .
(11)
34002-p2
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From eqs. (1) and (2) it is thus always possible to calculate F̄rad as F̄rad (r) =  Sp (t) (pin + ps )dS. This was the
Eulerian approach used in the seminal work of Yosioka [6]
in which an expansion equivalent to the one used in optics by Mie for scattering of light by spherical particle was
done to deduce eq. (8).
Here, we instead consider a Lagrangian description of
the particle in movement in the surrounding ﬂuid. For
this purpose, we first make a guess that the motion of the
particle is mainly driven by the eﬀect of pin . As a first
approximation
we could be tempted to write F̄rad (t) =

 Sp,in (t) pin dS where Sp,in (t) is the surface of the particle altered only by the eﬀect of pin (see SM1 in the
SM for a rigorous definition). However, this approximation is in general too crude. Indeed, in the limit case
of a ﬂuid particle in ﬂuid, i.e., with f1 = f2 = 0, we
get from eqs. (8) and (10) that F̄rad = 0. This contradicts the elemental
fact that, in such a case, for a

standing wave,  Sp,in (t) pin dS doesn’t actually vanish
(see SM3 in the SM). Therefore, the expression should
be corrected, the simplest one we have found being of the
form F̄rad ≃ Fa (t) with

Fa (t) = −β(t)
pin dS,
(12)

and
(t)
Fconv
a

=



t

vp (t′ )dt′ · ∇F̃a (r, t) .

(18)

0

The local force can be expressed, keeping terms up to
order O(ε2+α ), as


3 f2
f1
2
−
Floc
(t)
=
−V
∇p
+
κ
∇p
p0
f0
a
in
in (r, t),
2 1 − f2
2

(19)

where use of Euler’s equation has been made as detailed
in the SM.
Averaging the above expression over time yields
Floc
a (rp (t)) = −∇ Vp0 κf 0

f1 2
p  .
2 in

(20)

It is noteworthy that the term in brackets corresponds
to the first term (monopolar contribution) of the Gor’kov
force potential expressed in eq. (9).
In order to obtain the mean convective term contribution, we start expressing the first order particle velocity
vp (t) as a function of the incident acoustic velocity field
vin . The particle being accelerated in the incident sound
field of velocity vin (r, t), the surrounding ﬂuid inertia leads
to an added mass eﬀect (see [18]), which first appears at
Sp,in (t)
the order O(ε): At this order, Batchelor [19] shows that
̺ −̺
where the specific correction β(t) = p̺f 0 f depends on vp can be expressed as
̺p (t) and ̺f (t), which are the instantaneous particle and
(21)
ṙp (t) = vp (t) = (1 − f2 )vin (rp (t)).
ﬂuid densities in the mere incident field, respectively.
Fa (t) has the peculiar property to cancel at all times for a This equation represents the zero-mean trajectory folneutral particle (i.e., when no radiation force is present). lowed by a dense particle in a sound field (at order 1
Remarkably, we will show that eq. (12) allows us to recover in Mach). Now, inserting expressions (19) and (21) in
Gor’kov results, i.e., eq. (8).
eq. (18), we get
Using the divergence theorem together with the small
 t
3
particle assumption, eq. (12) yields at the leading order:
f
vin (r, t′ )dt′ · ∇ (∇pin (r, t)) . (22)
(t)
=
V
Fconv
2
p
0
a
2
0
(̺p − ̺f )
∇pin (rp (t))Vp,in (t).
(13)
Fa (t) =
After some calculations detailed in SM3 in the SM, in̺f 0
volving the linearized Euler equation and an integration
Then, in order to calculate Fa (t), one must remember by parts, it follows that
that the particle constantly moves in the field. To simplify
3f2
the present calculations, we can define F̃a (r, t), obtained
2
Fconv
̺f 0 vin
(rp (t)) = −∇ −Vp0
 .
(23)
a
from the expression of Fa (t) assuming the particle stands
4
at r instead of rp (t) at time t, thus satisfying
Likewise, the term in brackets is the dipolar contribu(14) tion of the Gor’kov potential expressed in eq. (9).
Fa (t) = F̃a (rp (t), t).
Combining the mean local and convective contributions
Defining the initial time t = 0 by rp (0) = r, we then have given in eqs. (20) and (23), we obtain, at the leading order,

Fa (t) ≃ F̃a (r, t) + rp (t) − rp (0) · ∇F̃a (r, t).
(15)
F̄rad ≃ Fa (rp (t)).
(24)
We identify both a local and convective contributions, Fa (t) can thus be identified to the instantaneous radiaconv
respectively denoted Floc
(t), so that
tion force Frad (t) defined in eq. (8) in complete agreement
a (t) and Fa
with Gor’kov’s results. This Lagrangian derivation of the
loc
conv
Fa (t) ≃ Fa (t) + Fa (t),
(16) radiation force constitutes the first main finding of this
letter.
with
The second important result, that we will now discuss,
Floc
(17) concerns the physical interpretation of this radiation force.
a (t) = F̃a (r, t) ,
34002-p3
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Fig. 1: Time sequence of a particle over one period T of a standing wave propagating along the (vertical) x-axis. It illustrates
the radiation force as a gravity-like eﬀect for two representative cases plotted according to eq. (25): (a) a compressible and
neutrally buoyant particle and (b) a dense and iso-compressible particle. The green dashed line is the trajectory the particle
would follow as a fluid particle, and the blue dashed line is the actual one. In case (b) is also added in magenta the trajectory
the particle would have without the added-mass eﬀect. The sphere volume is filled with grey color, its equilibrium shape being
delimited with the black dotted line. As it plays no role in the second case, we chose to represent an incompressible particle.
Below each sequence, both the local relative density shift Δ̺/̺ and the acoustic gravity component gin,x are plotted to aid the
interpretation. See the text for a more detailed step-by-step explanation.

For this purpose we introduce an eﬀective gravitation field with k = 2π/λ and ω = kcf 0 the wave number and anin
gin = ∇p
̺f 0 and a relative density Δ̺ = ̺p − ̺f in eq. (13) gular frequency of the wave, respectively. As explained
above, the acoustic gravitational eﬀect results from two
and eq. (24), which leads to
contributions: a local one, associated with the oscillation
̺
F̄rad = Δ̺Vp gin .
(25) of the particle apparent mass mp (1 − ̺fp ) in the acoustic
gravitation field, and a convective one, linked to the local
The radiation force can thus be understood as the lead- exploration of the field by the oscillating particle. Let us
ing term in the mean force which would result from a grav- now separate both contributions by considering two limit
itational field modulation equal to gin (t). In other words, cases for a particle initially located between a pressure
Fa (t) can be seen as a fluctuating apparent weight, result- antinode (at x = 0) and the nearest node in the x > 0
ing from the combination of two oscillating quantities:
region (see fig. 1).
Case a: a neutrally buoyant but compressible particle.
– a forcing eﬀect: an incident acoustic gravity-like acWe first consider a particle both neutrally buoyant (̺p0 =
celeration field gin (r, t);
̺f 0 ) and more compressible than the ﬂuid (κp0 > κf 0 ,
– a response eﬀect: owing to their compressibility, both i.e., f1 < 0). In this case, only the local contribution
the particle volume and the ﬂuid densities oscillate remains as the convective term vanishes (f2 = 0). Let us
at the forcing frequency, rendered by the relative figure out the particle movement over a time period T .
The sinusoidal green dashed line in fig. 1(a) represents the
density term Δ̺Vp = ∆̺
̺p mp (mp : constant particle
movement of a fluid particle in the sound wave, which is
mass).
also, at leading order, the particle movement since f2 = 0
By analogy with the buoyancy force (i.e., Archimedes’ so that vp = (1−f2 )vin = vin (no added mass eﬀect comes
law), arising when a particle has a density or compress- into play in this case).
At time t = 0, the pressure gradient is such that gin
ibility diﬀerent from the ﬂuid in which it is immersed, the
is
oriented downward1. The particle is compressed and
oscillating force Fa (t) is equivalent to a rapidly ﬂuctuating “acoustic gravitational force”. As we have shown, hence denser than the hosting ﬂuid at its location, so that
the time-average of this force, taking both the temporal it plunges downwards. At t = T /4, the pressure is zero,
and spatial structure of the field into account, leads to the the particle thus follows the non perturbed trajectory (no
classic radiation force expressed by Gor’kov for standing radiation force). At t = T /2, the pressure gravity reverses
waves. Our conclusion is also in agreement with Gor’kov’s but the particle also expands, so that it is ‘lighter’ and thus
work for progressive wave for which the radiation force is keeps sinking. At t = 3T /4 it follows the same trajectory
(no force). Overall, the acoustic gravity is always out of
expected to be zero at this order as well.
We will now give a comprehensive picture of the physics
1 For the sake of conciseness, we will abusively use the terms up
at play in the gravitation-like force, considering a parti- (towards x > 0) and down (towards x < 0), assuming the classical
cle in a plane standing wave pin = −p0 cos (ωt) cos (kx), paper reading orientation on the Earth.
34002-p4
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phase with the density shift: for the whole period, the
As a perspective, we hope our work will stimulate future
particle keeps “falling” towards the pressure antinode at experimental investigations in the direction of ultrafast
x = 0 and the instantaneous radiation force maintains the tracking of the time resolved particle’s dynamic in a sound
same orientation.
field.
Beyond acoustics, one may wonder how this approach
Case b: an iso-compressible particle, denser than
could be transposed to other types of waves such as
the fluid. We now consider a particle iso-compressible
electromagnetic waves, transverse waves on a string or
(f1 = 0) but denser than the hosting ﬂuid (f2 > 0), also
surface waves (e.g., in hydrodynamic quantum analogs
located between x = 0 and x = π/k, as shown in fig. 1(b).
involving walking droplets bouncing on a vibrating
To the green ﬂuid particle trajectory is now added the
bath [24]) for which a radiation force also arises. Finally,
ﬂattened magenta dashed line, which represents the traour work reveals the emergence of a gravitational field
jectory the particle would follow if only added-mass eﬀect
from a wavy background pushing an object (thus ﬂowing
would apply. First, the particle dynamic is such that it
in a quiescent ﬂuid). For that reason, this result could
plunges between t = 0 and t = T /4 since it is denser
have been expected from the point of view of acoustical
than the ﬂuid in a downward gravity field. However, at
analogs of blackholes [25] for which it is known that an
t = T /2, the gravity field reverses so that the particle
acoustical field superimposed on a flowing ﬂuid yields the
rises. Here, the point is that the gravity field (or acoustic
curved space-time metric of the general relativity [26].
pressure gradient) being larger at the location where the
Hence, and more prospectively, the similarity of both
particle is at T /2 than at t = 0, the radiation force over
issues suggests for the future to address the problem of
the cycle does not balance symmetrically. On average, a
acoustical analogs with a point of view centered around
net upward radiation force (toward the nearest node) is
the radiation force phenomenon.
exerted upon the particle.
It is noteworthy that in this case, the eﬀect of the added
∗∗∗
mass is to alter (with a factor (1 − f2 )) the particle trajectory obtained by integrating vp = (1 − f2 )vin . In other
This work was supported by recurrent funding from
words, the “landscape” explored by the particle deterthe Commissariat à l’Energie Atomique et aux Energies
mines the hysteretic values of the gravity field that the
Alternatives (CEA) and specific fundings through the
particle will encounter at extremal positions and henceCARNOT program (LETI institute, ABCDE grant for
forth contributes to its amplitude. In the convective (or
P-YG postdoctoral fellowship).
‘landscape’) eﬀect, we note that the radiation force reverts within a cycle while it is not the case in the local
one, where it maintains the same orientation.
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